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Shear Lag Micromechanics Model for Effective
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Prediction of the effective properties of piezoelectric composites with the help of shear lag micromechanics model
is discussed. The shear lag micromechanics model is derived by considering a representative volume of the composite
that contains a piezoelectric inclusion. Both homogeneous and heterogeneous inclusion problems are considered.
In the homogeneous inclusion problem, a piezoelectric inclusion is present inside a piezoelectric medium, whereas
in heterogeneous inclusion either a piezoelectric inclusion is present inside a matrix medium or a matrix inclusion
is present inside a piezoelectric medium. A new matrix method is followed for evaluation of effective properties
of the piezoelectric composite using a shear lag model. The inclusion considered is of rectangular parallelopiped
type. The effect of the geometry of the inclusion on the effective mechanical and piezoelectric properties of the

composite is studied.

Nomenclature

width

matrix of stiffness coefficient

dielectric displacement vector

electric field vector

piezoelectric stress coefficient vector
volume fraction

length

applied strain

thickness

displacement vector

displacement component along x direction
displacement component along y direction
displacement component along z direction
shear strain

dielectric matrix

strain tensor

stress tensor

shear stress vector

NaAaMORgeIT TS SIS

Superscripts

¢ = composite
ic = inclusion
m = matrix

I.

Flate applications such as structural vibration damping, acous-

tical control of flexible structures, underwater transducers, and
medical imaging utilize piezoelectric materials both in monolithic
and composite form. The main drawback of the existing mono-
lithic piezoelectric materials is that the control authority of these
materials is very low because their piezoelectric stress/strain coef-
ficients are of very small magnitudes. Because the active damping
of smart structures depends on the magnitude of the piezoelectric
coefficients, tailoring of these properties can improve the damping
characteristics of lightweight smart structures. Research on piezo-
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electric composites has come through micromechanical estimates of
their mechanical and electromechanical properties. Aboudi' carried
out a micromechanical analysis to predict the effective coefficients
of piezoelectric fiber-reinforced composites considering different
electric fields in the fibers and matrix, which are related to average
composite electric field. He used the method of cells for deriving
the effective properties of the piezoelectric composites. His pre-
diction for the piezoelectric constant, which gives rise to actuation
in the fiber direction, does not show improvement over that of the
piezoelectric material alone. The research of Smith and Auld? is
for 1-3 piezoelectric composites. Their composites are constructed
such that the rods of piezoelectric materials are embedded vertically,
that is, aligned along the thickness of the composite, in a poly-
mer base matrix such that the electric fields are applied along the
length of the piezoelectric fibers. The strength of material approach
was used for predicting the effective properties. These composites
show marginal improvement of the effective piezoelectric constant
of the piezocomposite, which quantifies the deformations in the fiber
direction.

Dunn and Taya® evaluated the effective properties of multiphase
composites through dilute, self-consistence and Mori—Tanaka ap-
proximations. Recently, Mallik and Ray* derived the effective prop-
erties of piezoelectric fiber-reinforced composites (PFRC) with the
help of two micromechanics methods, namely, strength of materials
approach and method of cells. The constructional feature of PFRC is
that the piezoelectric fibers are oriented longitudinally in the matrix
and the electric field is applied in the direction transverse to the fiber
direction. The study predicted improved piezoelectric properties to
a transverse direction to that of the applied electric field. Mallik> in-
vestigated effective properties of piezoelectric composites in a plane
stress situation. The effective properties of a short fiber inclusion
problem are derived through the Eshelby® tensor method. The shear
lag model for the piezoelectric inclusion problem was originally
developed by Cox,’ and its detailed derivation is summarized by
Kelly.® A good account of the procedure is also available by Taya and
Arsenault.” The procedure is best suited for an aligned short-fiber
composite, where short fibers of uniform length and diameter (hence
constant aspect ratio) are all aligned in the loading direction and
distributed uniformly throughout the material. References 10-13
can be mentioned here in the field of micromechanics estimates
of the piezoelectric composites. The equivalent inclusion method
is applied to study the work hardening behavior of piezoelectric
composites by Huang.!! Effective properties of platelet-reinforced
piezocomposites were investigated by Chen.'* The finite element
method was also applied to model debonding in the fiber matrix
interface, and hence, effective properties were derived.'® The ma-
jority of the literature available for determining effective behavior of
piezoelectric inclusion follows either the Eshelby tensor approach or
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finite element method. However, no literature is currently available
for the shear lag micromechanics model for piezoelectric compos-
ites even though it is very simple. Thus, the need for investigation
on the modeling of piezoelectric inclusion problem using the shear
lag method is established.

Hence, this paper is devoted to theoretical investigations on the
prediction of effective properties of pizoelectric composites using
the shear lag model. The effect of the inclusion geometry on the
effective mechanical and piezoelectric properties is considered for
investigation. The shape of the inclusion considered is that of a
rectangular parallelopiped. A new matrix method is presented for
the derivation of effective properties of piezoelectric composites.

II. Shear Lag Model

Figure 1 shows a transverse cross section of arepresentative short-
fiber composite. It is assumed that the bond between the fibers and
the matrix is perfect, the composite is homogeneous, and the fibers
are continuous and parallel. The inclusions are oriented in a pre-
ferred direction, namely, longitudinally, that is, along the x axis.
Also the fiber and matrix materials are considered to be linearly
elastic. For the homogeneous inclusion problem, the fibers, that is,
the inclusions and matrix, are made of piezoelectric material, and
for heterogeneous inclusion problem, either of the two phases is
a piezoelectric medium. For the heterogeneous inclusion problem,
the matrix medium is piezoelectrically inactive. In general, the mi-
cromechanical analysis is confined to a representative volume that
includes both fiber and the surrounding matrix. The unit cell, which
is a representative short-fiber surrounded by the matrix, is shown
in Fig. 2. The length, width, and thickness of this representative
unit cell of the composite are denoted by ¢¢, b¢, and ¢¢, respec-
tively, whereas £'°, b', and ¢ are the length, width, and thickness
of the short-fiber inclusion occupied in the unit cell, respectively.
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Fig. 2a Transverse cross section of representative volume element of
piezoelectric short-fiber composite.
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Fig. 2b Longitudinal cross section of representative volume element
of piezoelectric short-fiber composite.

The other boundary of the surrounding matrix is taken as the midsur-
face between two short fibers. Let this aligned short-fiber composite
be subjected to the applied normal strains sy, sy, and s, along the
x,y, and z directions, respectively. The constitutive relations for the
material of the piezoelectric medium as given by Tiersten'® are

Oij = Cijklfkl - ekijEk N
D; = ejen + ciEx 2

If matrix phase is piezoelectrically inactive, then its constitutive
relation is given by

Ojj = Ci_/k16k1 3)
Di = 8ikEk (4)

C and ¢ are the stiffness coefficient matrix, and dielectric constant
matrix, respectively. It is assumed that the electric field applied in
the z direction of the composite does not produce any field in the
other two orthogonal directions.

The constitutive relations, keeping out the shear stress terms for
the material of the inclusion if it is piezoelectric medium, can be
written as

{0} = [CT{e} — {e}“E¥ )
where

O ={o o, o) {={e € e

Cn Cn Ci]*
[CT*=|Cy C»n Cxn
C31 C32 C33

{e} ={es exn el

In which oy, oy, and o. are the normal stresses in the x, y, and z
directions, respectively; €., €,, and €. are the corresponding normal
strains; Cy;, 1, j=1,2, ..., 6, are the elastic constants; e3;, €3, and
e33 are the piezoelectric stress coefficients; E is the electric field
component in the z direction, that is, across the thickness of the
inclusion. Note that the piezoelectric constants e3, €3,, and e33 are
the measure of induced normal stresses in the x, y, and z directions,
respectively, due to the applied unit electric field in the z direction.

When strain—displacement relations are used, Eq. (5) can be
rewritten as

(U € . o
[C]“{a—} = o} + () °E" ©)
X

where

oUu*  fou v ow|”
ax | lox 3y oz
in which u, v, and w are the displacements along the x, y, and z

directions, respectively.
The solution of {dU /dx}' can be obtained from Eq. (6) as

178 R I
{x} =§{$1 "Ez éf%} @)

where £ is the determinant of the matrix [C]© and &r,1=1,2,3,
are the determinants of the matrices obtained by replacing the ith

column with right-hand side of Eq. (6). M and M* are the minors
of the corresponding matrices:

3
E= (=) CuMy,

ji=1

k=1,2,or3

3

£ = Z (1)) (0 + es; ES )M,

j=1

k=1,2,0r3
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It is assumed in the shear lag model that the difference in the
normal displacements in fiber and matrix is proportional to the shear
stress at the matrix—fiber interface, that is,

Fy. ic .
{a_} = —{ct} = [HI({u}* — {u}™) ®)
X

where

oo iC_ do, do, Jdo; b
ox | ax dy 0z

" 2(bic+[iC) Z(ZiC—F[iC) Z(bic—Fﬁic) ic
{C‘L’} = — 1 — (%) — 3
blCth ZlCth blcglc
hy 0 O
[HI=|0 hy 0], {Uf={u v w
0 0 i

Uy={u v wy”

The first equation of Eq. (7) is obtained by considering the equilib-
rium of forces along the x, y, and z directions, respectively. Note
that the positive direction of shear stress is taken along the positive
direction of the coordinate axes.

The constants given in [H] will be determined in Appendix A.
When the second equation given in Eq. (7) is differentiated with
respect to x, y, and z, and relation (8) is used, the following relation

is obtained:
820 ic 8u ic
{ﬁ} Z[H]({a_x} —{S}) )

From Fig. 2 it can be clearly estimated that the strain in matrix
medium is equal to the applied strain in the composite, that is,

{%} = {S} = {Sx Sy sz} (10)

When Egs. (7) and (9) are used, the following expression is obtained:

Yo iC:l[H]({a}i°"'+{e}i°"'Ef“)<{cf*}—s{v}> an
dx2 3 ’ A

where {C "} is vector of the cofactors obtained by replacing the i th
column of matrix [C]* with right-hand side of Eq. (6).

The general solution of Eq. (11) can be represented as
(Appendix B)

[G]'{o} = [GT*{s} + {GVE¥ (12)

where

(e e+ (2/se) () [ok)
G} = x tanh(p; € /2)], i#]

1, i=j

(g/CI)[1+ (2/ i) tanh(Bitc/2)]
Gi=1  + /B /), =

0, i #]

G =1+ (2/¢) tanh(Biec [2) ][k + (CL /CL)ely

+(c5 /cl)es]

The composite stresses can be obtained from the individual compo-
nent stresses by using the rule of mixture, that is,

{0} = [fIo} + [f1"{o}" (13)

In which [ f] and [ f]" are volume fraction matrices of inclusion
and matrix and [ f] +[f]" =1 of appropriate dimension. These
two matrices can be chosen according to a particular situation.

When Egs. (12) and (13) are used and compared with the constitu-
tive relation of the composite, effective properties of the composite
can be determined:

(o) = (/I°IG1" [GT + [f1"[CT") s} + (LfI°IG) {GYES

—[f1"[e]"EY) (14)
The effective stiffness properties of the composite [C'] can be ob-
tained from Eq. (14) and are given by

[CT = [£1°[G]" ' [GT + [f1"[C]" (15)

To obtain the effective piezoelectric properties of the composite, the
relation of electric fields in both the constituent mediums must be
established. If the electric field is so applied that they are the same in
both inclusion and matrix and equal to the composite applied field,
then the effective piezoelectric properties are given by

{e} = [FT°[G] {GY — [f1"{e}" (16)

For piezoelectric inclusion in a matrix medium that is piezoelectri-
cally inactive, for an isoelectric field case, the effective properties
are obtained as

{e} = [f1IG]" (G} (17)

For matrix inclusion inside a piezoelectric medium, {G}? is a null
vector, and for the isoelectric field case, the effective properties can
be given as

{e} = —Lf1"{e}" (13)

If electric field is applied so that they are not the same in both the
inclusion and matrix and the effective composite electric field can
be represented by rule of mixture, then the effective piezoelectric
properties are given by

e} = [G1" {GYVE: - [/1"(IG1"{GY + (e}")EY  (19)

In this case, another relation is required to determine the effective
piezoelectric properties of the composite. There is another require-
ment that dielectric displacement along the z direction should be
same in both of the constituent mediums to ensure compatibility of
displacements. This condition can be represented by the following
relation:

EnEr — 5B = ({e) — (e} )1s) (20)

By the use of the rule of mixture for an electric field, in Eq. (20),
E”' can be represented in terms of E¢ and {s} as follows:

. S A7 TERE1)

z = ic icom " Z m
fresy + freeq €33

When Egs. (14) and (21) and the rule of mixture are used, effective
piezoelectric properties of the composite for the case when electric
fields are not same in constituent mediums are obtained as

— ficggg [G]lfl{G}3 fmg;%
el e fresy + froesy
For piezoelectric inclusion in a matrix medium that is piezoelectri-
cally inactive, for the nonisoelectric field case, effective properties
are obtained as

{e} {e}" (22)

ic am
{6 c 33

=—1 B3 61" {6y (23)
e+ e O



2620

For piezoelectrically inactive matrix inclusion inside a piezoelectric
medium, {G}? is a null vector, and for the nonisoelectric field case,
the effective properties can be given as

‘ficggg

{e}f =~ "m aIC ic om
fress + floess

{e}” @4

III. Numerical Examples

The numerical values of the effective properties of the piezo-
electric composites are evaluated using the method discussed in
the preceding section. The material properties of the piezoelectric
medium and matrix medium considered are listed in Table 1. First
the method described in the preceding section is verified by using
the inclusion as long fiber equal in length to the composite. Figure 3
shows the variation of the effective stiffness coefficient C; with fiber
volume fraction. Figure 3 shows the results obtained from shear lag
model derived in the preceding section and compares it with the
method of cells and strength of materials approaches derived by
Mallik and Ray.’> The variation of ratio e31r with fiber volume
fraction is shown in Fig. 4. The ratio e31r is defined as €5, /e¥;.
Figure 4 also shows a comparison of the three methods, namely,
shear lag model, method of cells, and strength of materials. From
Figs. 3 and 4, it can be concluded that the shear lag model provides
prediction of effective properties of PFRC that closely follows the
predictions made by Mallik and Ray> with the help of the method of
cells and strength of materials approaches. Thus, the present model
is validated. It can be observed from Fig. 4 that effective piezo-
electric properties in the longitudinal direction when electric field is
applied transversely improve beyond a certain fiber volume fraction.
Figures 5-12 present the effective properties of the short piezoelec-
tric fiber composite obtained by the shear lag method. In Figs. 5-7,
the width and thickness dimensions are kept constant and length
dimension is varied to find its effect on effective stiffness property
(Fig. 5) and effective piezoelectric property for the isoelectric field
(Fig. 6) and nonisoelectric field (Fig. 7). Figures 5-7 show that
as width and thickness dimensions decrease the effective stiffness

Table 1 Material properties
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Ci1, GPa 151 3.86
Ci2, GPa 98 2.57
Ci3, GPa 96 2.57
Cs3, GPa 124 3.86
e31, C/m? -5.1 0
ez, C/m? -5.1 0
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Fig. 3 Comparison of effective stiffness properties by three methods.
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Fig. 6 Effect of inclusion geometry on effective piezoelectric property
with isoelectric field.
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Fig. 7 Effect of inclusion geometry on effective piezoelectric property
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Fig. 9 Effect of inclusion geometry on effective piezoelectric property

with nonisoelectric field.

0.8

0 L L 1 L L L 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Inclusion Volume Fraction

0.8

0.9

Fig. 10 Effect of shape of inclusion on effective stiffness property.
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property C{, and effective piezoelectric property, ¢}, = €5, /e, for
both of the cases of electric fields decrease. Figures 57 also predict
that as the length dimension of the piezoelectric inclusion decreases
the effective properties decrease. Figures 5-7 provide a quantita-
tive measure of the effective properties of piezoelectric inclusion.
Figures 6 and 7 clearly demonstrate that the isoelectric field predicts
a better effective piezoelectric property than the nonisoelectric field
for the same inclusion geometry. The effect of the variation of the
width dimension by keeping the length and thickness dimensions of
the inclusion on the effective piezoelectric properties is presented
in Figs. 8 and 9. Figures 8 and 9 show that as length and thick-
ness decrease the effective piezoelectric property increases for both
cases of electric fields. It is also observed from Figs. 8 and 9 that the
effective piezoelectric property decreases with a decrease in width
dimension. Figures 10—-12 show the variation of effective properties
with the shape of the transverse cross section of the inclusion. The
effective stiffness of the composite decreases when the thickness
is decreased more than width and increases when thickness is in-
creased more than width over that of when cross section is square
as shown in Fig. 10. The response reverses for the case of greater
width than thickness. It is observed from the Figs 11 and 12 that the
effect on the effective piezoelectric property for the cases of iso- and
nonisoelectric fields is same as that of the effective stiffness prop-
erty when the shape of the transverse cross section is varied from
square. Similarly, all of the other effective properties are obtained
from this analysis but are not shown here.

IV. Conclusions

The methodology for determining the effective mechanical and
piezoelectric properties of piezoelectric composites having piezo-
electric short fibers as inclusions discussed. Both homogeneous and
heterogeneous inclusions are treated. The inclusion considered in
this study is that of a rectangular parallelepiped type. Both iso-
electric fields and nonisoelectric fields are considered. The effect
of shape and size of inclusion on the effective stiffness and piezo-
electric properties is studied. It observed that effective stiffness and
piezoelectric properties are strongly dependent on the shape and
size of the inclusion. It is also observed that for a particular size
of inclusion, the effective piezoelectric property improves over that
of a monolithic material. Study of other kind of inclusions, such as
circular or elliptical, is beyond the scope of this study. Experimental
investigation is an obvious choice for verification of results. Also,
other theoretical methods can be applied for verification of results.

Appendix A: Evaluation of Constant Matrix H
To find the constants /;, the following procedure is used. Force
equilibrium at arbitrary point (z =z) and at z =, /2 provides
2b(' _L_lm — 2bic7_ilmerface (Al)

The shear strain y at any arbitrary point z =z is related to 77" as

du™ Trlll bic Tilntcrfacc

)/ = — = " =
cm
dz — Cn b

(A2)

where 7" is the shear stress in the matrix at any point z =z and
C}, is the shear modulus of the matrix. When Eq. (A2) is integrated
from z = w*/2 to z = w*/2, the following relation is obtained:
e e —interf
_ b7 (b( — blC)Tllnte ace
2Cy,

u™ — uic

(A3)

where b = b /b°.
Similarly, force equilibrium at arbitrary point (y=y) and at
y =b'/2 provides

2tic7_g1 — zlicTilmerface (A4)
The shear strain y at any arbitrary point y =y is related to 77’ as
du™ T;? 7.ilnterface
)/ = = =
& cn

(A5)

where 77 is the shear stress in the matrix at any point y =y and
C}, is the shear modulus of the matrix. When Eq. (A2) is integrated
from y =1'°/2 to y =1°/2, the following relation is obtained:

) (IC _ tiz:),.’.imerface
W —y=—r (A6)
2%,

Thus, the total difference in axial displacement between the matrix
and fiber is the sum of Eqgs. (A3) and (A6). When compared with
Eq. (8), constant /4, is obtained as
_ 4Cr (b + 1)
- bictie{pr (b¢ — bic) + (t¢ — ti°)}
In a similar fashion, constants /, and /5 are obtained as
. 4Cﬁ(£i° + 1)
- eictic{er e — eic) + (¢ — tic)}

hy (A7)

(A3)

ha

4CH(° + b°)

hy = — - -
3 giehie{gr (0 — i) + (b° — bic)}

(A9)

Appendix B: Solution of Differential
Equation Given in Eq. (11)
From Eq. (11), the following relation is obtained:
azgic _h [crj_“ B M;;z o + M;;3 i
g /My M, M,

The general solution to Eq. (B1) is given by
0 = (£/M\)se — (M M} )0 + (M3 / My )o
+ ey — (M7, ) Miy)ek + (M7 [ M7, ) el ]
x E* + ¢ coshBx + ¢, sinhf, x (B2)

where 8y =./[h/(E/M]))] and ¢, and ¢, are the unknown con-
stants. These unknown constants can be determined from boundary
conditions. The boundary conditions are

. ME .

ic 12 ic

+ (631 Ty o +
11

dolc

— =0 at x=0 (B3)
ax
. . - i
ol =q?, o) =o?, oi=¢? at xX=—
> - - 2
(B4)

With the help of the Egs. (33-35), the following relation for the
axial stress in piezoelectric fiber medium can be obtained as

* 5 * *

e € My o MY g o ML o [ M

Oy = 7Se — 570, ot ey — et e
M, M, M, M, M,

. M M
xE°+ {00 — § 5y — —2g0 4 1450
: My My Myt

+(e'§l - Mf ey, + Mf ef%)E‘Z{|/cos h(ﬂ]K‘C/Z)} coshpx
11 11

(B5)
The average fiber stress 6° is computed as follows:
~ic 2 e ic
0 = — o dx (B6)
e J,

When Egs. (BS) and (B6) are used and rearranging, the average axial
stress ¢,° in fiber can be expressed as follows:

6. = g1€+ 220, + 830.° + g4E¥ (B7)
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where
g1 =&/M; + (2/B1) (00 /5. — & /M}) tanh (B, /2)
g2 = (Mp/Mi)[1 = 2/ pi) (o) /o)) tanh(pie /2)]
g3 = (M5 /M) [(2/ 1) (o7 /o) tan(Brt /2) — 1]
ga = [ — (M7, /M7 ) ey + (M5 / M ) s ]

x [1=(2/Bi) tanh(p e /2)] (B8)

In a similar manner from the other two equations, from Eq. (11) all
other constants of Eq. (16) can be obtained.
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